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We formulate computationally efficient classical stochastic measurement trajectories for a multi-
mode quantum system under continuous observation. Specifically, we consider the nonlinear dynam-
ics of an atomic Bose-Einstein condensate contained within an optical cavity subject to continuous
monitoring of the light leaking out of the cavity. The classical trajectories encode within a classi-
cal phase-space representation a continuous quantum measurement process conditioned on a given
detection record. We derive a Fokker-Planck equation for the quasi-probability distribution of the
combined condensate-cavity system. We unravel the dynamics into stochastic classical trajectories
that are conditioned on the quantum measurement process of the continuously monitored system,
and that these trajectories faithfully represent measurement records of individual experimental runs.
Since the dynamics of a continuously measured observable in a many-atom system can be closely ap-
proximated by classical dynamics, the method provides a numerically efficient and accurate approach
to calculate the measurement record of a large multimode quantum system. Numerical simulations
of the continuously monitored dynamics of a large atom cloud reveal considerably fluctuating phase
profiles between different measurement trajectories, while ensemble averages exhibit local spatially
varying phase decoherence. Individual measurement trajectories lead to spatial pattern formation
and optomechanical motion that solely result from the measurement backaction. The backaction of
the continuous quantum measurement process, conditioned on the detection record of the photons,
spontaneously breaks the symmetry of the spatial profile of the condensate and can be tailored to
selectively excite collective modes.
PACS numbers: 03.75.Gg,03.65.Ta,37.30.+i,42.50.Ct
I. INTRODUCTION
Studies of open interacting quantum many-body sys-
tems have recently attracted considerable interest. The
coupled evolution of many-body systems with a large
number of degrees of freedom and the environment leads
to an interplay between the interactions and dissipation.
This not only exhibits rich phenomenology but can also
provide a platform for future applications of quantum
technologies. Dissipation induces decoherence [1–4], in-
fluences the correlations and dynamics [5–17], and en-
gineering dissipative coupling may be employed in state
preparation [18–20]
The backaction due to quantum measurement forms an
essential ingredient of quantum physics. The evolution
of a continuously monitored quantum system represents
a coupling of the system to the environment where the
dynamics is conditioned on the measurement outcome
in each experimental run. Combining unitary quantum
evolution with specifically designed measurements can
be used to engineer desired quantum states–examples
in many-atom systems include, e.g., preparation of spin
squeezed atomic ensembles [21, 22]. The evolution of
quantum states may be further influenced by implement-
ing control and feedback mechanisms based on the mea-
surement outcome [23].
The evolution of a continuously monitored open quan-
tum system may mathematically be expressed in terms
of a master equation. The master equation can then rep-
resent the measurement outcome of ensemble-averaged
quantities without revealing anything about how the
measurement record of an individual experimental real-
ization may behave. In order to express possible measure-
ment records of individual experimental runs as a quan-
tum stochastic process, an unconditioned master equa-
tion can be unraveled into stochastic quantum trajecto-
ries of state vectors (quantum Monte Carlo wave func-
tions) [24–26]. Each quantum trajectory is then condi-
tioned on the measurement record and undergoes a series
of stochastic ‘quantum jumps’, according to a given prob-
ability distribution. Each quantum trajectory produces
a faithful simulation of an individual experimental real-
ization, where a sequence of quantum jumps represents
a possible measurement outcome, e.g., a photon count
record on a detector, and the approach can also be ex-
tended to other detection schemes [27].
In practise, solving the dynamics of the entire master
equation is numerically demanding and quantum trajec-
tories work efficiently only for a small number of par-
ticles and for 2-3 quantum modes. However, in typi-
cal ultracold atom systems, for example, the interact-
ing atom clouds form large spatially-dependent multi-
mode quantum fields. In order to describe the quan-
tum measurement-induced backaction in continuously
observed ultracold atomic gases, one would therefore in
general require numerically more efficient approximate
approaches. It was recently shown in Ref. [28] for the
case of a strongly interacting two-mode bosonic atomic
gas confined in a double-well potential that the backac-
tion of a continuous quantum measurement process can
be approximately incorporated in a classical stochastic
2description. Furthermore, regarding the observed quan-
tity, the classical representation of the quantum mechani-
cal measurement backaction agrees with the full quantum
solution: Even in a parameter regime where the unitary
quantum dynamics in the absence of measurements can-
not qualitatively be approximated by a classical stochas-
tic representation, it was found that whenever continuous
measurements are frequent enough to be able to resolve
the dynamics, the measured observable behaves classi-
cally. In this context, we define classical dynamics as
that which can be described by a valid classical proba-
bility distribution in phase-space and which conforms to
classical logic. It is important to emphasize that many
states with considerable quantum fluctuations, e.g., spin-
squeezed systems belong to this category.
Here we formulate the notion of classical stochastic
measurement trajectories to spatially-varying, interact-
ing, multimode bosonic atomic systems. We consider
a Bose-condensed atomic gas in a single-mode optical
cavity where the light inside the cavity interacts with
the condensate and the light leaking out of the cavity is
continuously monitored. We construct the approximate
Fokker-Planck equation for the system in the Wigner
phase-space representation where we expand the full dy-
namical equation in terms of the interaction parameters
that reflect the strength of many-body quantum fluctu-
ations in the system. Constructing the classical mea-
surement trajectories then follows the same principle as
the formulation of quantum trajectories from the full
quantum-mechanical master equation: We unravel the
evolution of the Fokker-Planck equation into stochas-
tic dynamical processes. Each trajectory then corre-
sponds to the dynamics of the system conditioned on
a single measurement record that represents a possible
single, continuously monitored experimental run. The
backaction of the measurement process is included clas-
sically as a dynamical noise term. When we ensemble-
average over many such classical trajectories, we can re-
construct, within statistical uncertainty, the evolution of
the Fokker-Planck equation.
By adiabatically eliminating the cavity photon field in
the equations of motion for the atom-cavity system, we
show that the measurements on the condensate in the
classical limit are represented by a stochastic spatially-
dependent diffusion term for the condensate phase profile
that is determined by the cavity mode shape and pump
profile. This results in phase patterns that considerably
fluctuate between different measurement trajectories. In
the ensemble averages over many such trajectories, we
find that the effect of photons leaking out of the cav-
ity is a spatially-varying phase decoherence rate. We
also show that measurement backaction in individual tra-
jectories can induce self-organization of a Bose-Einstein
condensate (BEC) in an optical lattice. Each stochastic
measurement trajectory leads to a characteristic evolu-
tion dynamics of the condensate phase profile and spatial
density pattern for the atoms that is solely generated by
a continuous quantum measurement process. The emer-
gence of the density pattern represents a measurement-
induced spontaneous symmetry breaking. Ensemble-
averaging over many trajectories restores the initial uni-
form unbroken spatial pattern of atomic density. The
randomly produced spatial pattern in a multimode BEC
is related to the quantum-measurement induced relative
phase between two single-mode BECs in quantum tra-
jectory simulations [29–32]: a measurement process can
establish a well-defined relative phase between two BECs
that initially possess no phase information–each mea-
surement trajectory produces a random phase value and
ensemble-averaging over many such runs wipes out the
phase information, restoring the broken symmetry.
We show that the measurement process also leads to
mechanical effects on the atoms, and we simulate the re-
sulting optomechanical dynamics of a multimode conden-
sate due to the continuous detection of the cavity mode,
where the mechanical degrees of freedom are comprised
by the coupled intrinsic collective excitations of the con-
densate. In this limit, where the condensate cannot be
reduced to a single mode oscillator and subsequently ex-
hibits rich dynamics, we show that it is nonetheless possi-
ble for the measurement to predominantly excite selected
collective modes, such as the breathing mode. Tailoring
the overlap of the condensate density and the cavity mode
function tunes the nature of the measured quantity, and
allows the selective coupling of a given collective mode.
However, the multimode nature of the condensate can
result in significant excitation of additional modes. For
example, attempting to excite the center-of-mass mode
leads to a substantial response of the breathing mode at
later times.
Bose-condensed atomic gases confined in optical cavi-
ties provide ideal systems to study measurement backac-
tion and the emergence of classicality by means of clas-
sical measurement trajectories. Ultracold atoms have
proven to be capable of realizing controllable quantum
systems with many degrees of freedom. Optical cavities,
on the other hand, have enabled much work on the quan-
tum nature of light and are a natural system to consider
the effects of measurement on a single, or few, quantum
modes [27, 33]. The union of the two, whereby an ul-
tracold gas is placed inside an optical cavity, enables the
study of the backaction of measurement on a multimode
coupled quantum system. The cavity enhances the inter-
action of the light with the atoms, allowing the strong
coupling regime to be reached [34]. The light imposes
an optical potential on the atoms and the backaction
of the continuous measurement of the cavity output on
the dynamics of the atoms has been experimentally ob-
served [35, 36]. The atoms, in turn, affect the resonance
frequency of the cavity, and the motion of the atoms
can then couple to the cavity field through the spatial
variation of the atom-light coupling. The transfer of mo-
mentum between the cavity photons and the atoms also
allows the realization of optomechanical systems–using
the motion of BECs as a mechanical device coupled to
the cavity light field [35, 37, 38]. In the case of atomic
3BECs, the optomechanical oscillator formed by the atoms
is already in the ground state and does not need to be
cooled by the cavity field–hence, the general challenge
of cooling micro-mechanical oscillators in optomechani-
cal applications can be circumvented in atomic systems.
Theoretical descriptions of these many-atom, many-
mode systems have necessitated approximate treat-
ments [39]. In the limit that excitations are small, the
behavior of BECs in cavities may be approached by lin-
earizing about a mean-field steady-state solution [40–44].
Alternatively, the full multimode atomic field can be re-
stricted to only one or two modes, allowing a more full
quantum treatment [45]. With regards to measurement
backaction, single atoms in optical cavities have been the
subject of many quantum trajectory calculations [27, 39].
Semiclassical [46] and static discrete approximations [47]
have been considered for larger atom clouds. Recently, an
alternative phase-space treatment to the one presented in
this paper was developed for a continuously monitored
system that can incorporate a multimode approach and
is also suitable for cavity systems [48] (for an early de-
velopment, see [49]).
In the following Section, we introduce the full quan-
tum theory of the cavity-BEC system, before discussing
a phase-space representation suitable to describe our
many-mode system in Sec. III. In Sec. IV we review the
treatment of measurement backaction given by the theory
of quantum trajectories, before showing that our classi-
cal phase-space picture can be unraveled to give classical
measurement trajectories. We derive the corresponding
classical trajectories for the coupled cavity-atom system,
however, the effect of the measurement backaction on the
atoms can more clearly be seen when the cavity field is
adiabatically eliminated from the picture, as we show in
Sec. V. In this picture, measurement of the light mani-
festly leads to stochastic evolution of the BEC phase pro-
file, spatially modulated by the cavity mode and trans-
verse pump profile. In Sec. VI we present numerical re-
sults illustrating the phase decoherence for a BEC in an
optical lattice potential in an ensemble average over many
stochastic trajectories, and show that the measurement
backaction leads to self-organization or pattern forma-
tion. We show how the measurement backaction may be
used in an optomechanical sense in Sec. VII, before dis-
cussing how stronger quantum fluctuations in the initial
state can be included in Sec. VIII. Finally, in App. A we
give a detailed treatment of the adiabatic elimination of
the light used in Sec. V.
II. FORMALISM
The Hamiltonian for a BEC in an optical cavity of
frequency ωc can be derived as a many-body extension
of the Jaynes-Cummings Hamiltonian appropriate for a
single two-level atom of resonance frequency ωa. After
making a unitary transformation to the rotating frame of
the pump, and using the rotating wave approximation,
one then finds a second quantized Hamiltonian of the
form [50–52]
Hge = HA +HC +HCA, (1)
where
HA =
∫
dxΨˆ†g(x)
[
−~
2∇2
2m
+ Vg(x)
]
Ψˆg(x)
+
U
2
∫
dxΨˆ†g(x)Ψˆ
†
g(x)Ψˆg(x)Ψˆg(x)
+
∫
dxΨˆ†e(x)
[
−~
2∇2
2m
− ~∆pa + Ve(x)
]
Ψˆe(x)
− i~
∫
dx
[
Ψˆ†g(x)h(x)Ψˆe(x)− Ψˆ†e(x)h(x)Ψˆg(x)
]
,
(2)
HCA = −i~
∫
dxΨˆ†g(x)g(x)aˆ
†Ψˆe(x) + h.c. , (3)
HA = −~∆pcaˆ†aˆ+ i~η(aˆ† − aˆ) . (4)
Here Ψˆg(e)(x) annihilates an atom in the ground (excited)
state at position x, while aˆ annihilates a photon from the
single cavity mode of frequency ωc. The atoms and the
cavity couple via the mode function
g(x) = g0 sin(kx), (5)
and the system can be pumped on the cavity axis at a rate
η or the atoms pumped directly from a transverse beam
of profile h(x). Interatomic interactions between atoms
in the ground state are included via the contact interac-
tion strength U , in 3D this would be U3D = 4π~
2as/m,
where as is the s-wave scattering length, but we consider
here the case that a tight trap of frequency ω⊥ constrains
the dynamics to the single dimension along the cavity
axis, leading to a 1D interaction strength U1D = 2~ω⊥as.
The remaining terms describe single particle atom mo-
tion in external traps Vg(e)(x) affecting the ground (ex-
cited) state, and free evolution of the cavity field at a rate
given by the detuning ∆pc = ωp − ωc. We note that the
detuning between the pump and the atoms ∆pa = ωp−ωa
may in general be spatially dependent, but for brevity we
will not normally include this dependence explicitly un-
less it is ambiguous.
In the limit that ∆pa is large, then the excited state
may be adiabatically eliminated from the equations of
motion. The resulting effective Hamiltonian is
H1 =
∫
dxΨˆ†(x)
{
H0 +
~
∆pa
[
h(x)2 + g(x)2aˆ†aˆ
+ h(x)g(x)
(
aˆ+ aˆ†
) ]}
Ψˆ(x)
+
U
2
∫
dxΨˆ†(x)Ψˆ†(x)Ψˆ(x)Ψˆ(x)
− ~∆pcaˆ†aˆ− i~η
(
aˆ− aˆ†) , (6)
4where H0 = −~2/(2m)∇2 + V (x), and we drop the sub-
script indicating the atomic state since all atoms are as-
sumed to be in the ground state. This effective Hamil-
tonian does not include the dissipative contribution of
cavity photons lost through the cavity mirrors (we ig-
nore spontaneous emission into modes not trapped in the
cavity, which should be suppressed by the large detuning
∆pa we have assumed).
In this work we are interested in a continuous quantum
measurement process on the atom-light cavity system.
We assume that all the photons leaked out of the cavity
are detected on a photocounter of perfect efficiency. The
detection rate is proportional to the cavity mode damp-
ing rate, which we model as 2κ. The density operator for
the coupled BEC and cavity system ρtot including the
detection of the photons leaked out of the cavity then
evolves according to the master equation
∂ρtot(t)
∂t
= − i
~
[H1, ρtot(t)] + Lρtot(t), (7)
where the Lindblad term [53] incorporating the loss and
measurement backaction is given by the superoperator L,
defined by
Lρ = κ (2aˆρaˆ† − aˆ†aˆρ− ρaˆ†aˆ) . (8)
However, such a master equation is not conditioned on
any particular measurement record, but represents an en-
semble average over a large number of measurement re-
alizations, and as such describes the system when the
measurement record is discarded. We discuss in Sec. IV
how this master equation may be unraveled into trajecto-
ries conditioned on a given measurement record, however
we first introduce a classical phase space description of
the many-body problem.
III. CLASSICAL PHASE-SPACE PICTURE
For the case of our many-atom many-mode system,
the solution of the full quantum problem is numeri-
cally intractable, so here we turn to a treatment via
classical phase space techniques, which we will later
use to describe classical measurement trajectories. In
quantum optics phase-space representations are a com-
mon technique for analyzing single and few mode quan-
tum systems [51, 53]. Here we represent the multi-
mode atom-light system in terms of the Wigner function
W (α, α∗, {ψ, ψ∗}). The Wigner function has the role of
a quasi-probability distribution, where α is the classical
variable associated with aˆ and ψ is a classical field rep-
resentation of the field operator Ψˆ that is stochastically
sampled from an ensemble of Wigner distributed classi-
cal fields. The Wigner function has the property that
expectation values of moments of classical variables cor-
respond to symmetrically ordered expectation values of
the corresponding quantum operators [51, 53].
Multimode Wigner representations have been of great
utility in studies of bosonic ultracold gases in closed sys-
tems [54–60] and can naturally include dissipation in
open systems [51, 53], as has been investigated in the
context of three-body losses [60, 61]. We derive below
the equation of motion for the ensemble averaged quasi-
probability distribution, before showing in the subse-
quent Section how individual classical measurement tra-
jectories emerge from a mathematical correspondence to
stochastic differential equations (SDEs). The equation of
motion for this Wigner function is most easily obtained
from the master equation (7) via the operator correspon-
dences [51, 53] similar to
Ψˆρ↔
(
ψ +
1
2
δ
δψ∗
)
W (α, α∗, {ψ, ψ∗}), (9)
leading to
∂
∂t
W (α,α∗, {ψ, ψ∗}) =
∫
dx
i
~
δ
δψ
({
H0 +
~
∆pa
[
h(x)2 + g(x)2
(
|α|2 − 1
2
)
+ h(x)g(x) (α+ α∗)
]
+ U
(|ψ|2 − 1)
}
ψW
)
+
∂
∂α
({
− η + (κ− i∆pc)α+ i
∆pa
∫
dx
(
h(x)g(x) + g2(x)α
) (|ψ(x)|2 − 1
2
)}
W
)
+
κ
2
∂2
∂α∂α∗
W
+
∫
dx
i
~
U
4
δ3
δψ2δψ∗
ψW −
∫
dx
i
∆pa
h(x)g(x)
1
4
∂
∂α
δ2
δψδψ∗
W
−
∫
dx
i
∆pa
g2(x)
[
1
4
∂
∂α
α
δ2
δψδψ∗
+
1
4
δ
δψ
ψ
∂2
∂α∂α∗
]
W +C.c. . (10)
5If only the terms containing first and second order deriva-
tives appeared in this expression, then they would form
the drift and diffusion terms, respectively, of a Fokker-
Planck equation for W . We will require a Fokker-Planck
equation in order to argue that the evolution may be un-
raveled into individual classical stochastic trajectories in
Sec IVB. However, the appearance of the triple deriva-
tive terms in Eq. (10) prevents such an argument. These
terms originate from the nonlinear atom-atom and atom-
photon interaction terms in the master equation, which
also give rise to drift terms. We argue below that, un-
der appropriate conditions, the triple-derivative terms
are small compared to the drift and diffusion terms and
that we can neglect them.
We will analyze the leading order contributions of the
interacting atom-light system in the limit of weak quan-
tum fluctuations. The validity of the approximation is
intrinsically linked to the basis representation used to
simulate the system. Here we use a discrete spatial basis,
discretized on a characteristic length scale ℓ, and repre-
sent the stochastic field ψ(x) by
ψ(x) =
∑
i
1√
ℓ
θ(xi − ℓ/2, xi + ℓ/2)ai, (11)
where θ(x1, x2) is a rectangular function of unit ampli-
tude and nonzero only between x1 and x2. The ampli-
tudes ai can then be scaled by the number of atoms in
the ith element Ni, by a˜i = ai/
√
Ni. The corresponding
functional derivative operators are then
δ
δψ(x)
=
∑
i
1√
ℓNi
θ(xi − ℓ/2, xi + ℓ/2) ∂
∂a˜i
. (12)
For the interparticle interaction we wish to investigate
the scaling as we keep Ci = NiU constant, but take
Ni →∞. Following an analogous motivation to treat the
atom-photon interaction terms, we take the limit where
the number of photons n in the cavity tends to infin-
ity while the maximum atom-photon interaction energy
χ = ~(g20/∆pa)n remains constant. We therefore, in ad-
dition to the rescaling of ψ above, rescale α˜ = α/
√
n
and replace ~g20/∆pa by χ/n. In order to reach this limit
of large cavity photon number, we also note that the
direct cavity pumping scales as η → η˜√n, and include
the spatial variation in the cavity coupling strength via
g(x) = g0g˜(x). For the case of a transverse pumped sys-
tem, motivated by the form of the transverse term in
Eq. (6), we similarly keep χh = ~(h0g0/∆pa)
√
n con-
stant, while photon number increases. For the spatial
points where Ni is large, the result of these substitutions
is the equation of motion
∂
∂t˜
W˜ (α˜,α˜∗, {a˜i, a˜∗i }) = i
∑
i
∂
∂a˜i
({
−J˜(a˜i+1 + a˜i−1) + V˜i +
[
τ0
χ2h
χ
h˜2i + τ0χg˜
2
i
(
|α˜|2 − 1
2
1
n
)
+ χhh˜ig˜i (α˜+ α˜
∗)
]
+
ℓ2
ξ2
(
|a˜i|2 − 1
Ni
)}
a˜iW˜
)
+
∂
∂α˜
({
− η˜ + (κ˜− i∆˜c)α˜+ i
∑
i
Ni
n
(
τ0χhh˜ig˜i + τ0χg˜
2
i α˜
)(
|a˜i|2 − 1
2
1
Ni
)}
W˜
)
+
1
n
κ˜
2
∂2
∂α˜∂α˜∗
W˜
+
i
4
∑
i
1
N2i
ℓ2
ξ2
∂3
∂a˜2i ∂a˜
∗
i
a˜iW˜ − i
4
∑
i
1
Nin
τ0χh
ℓ
h˜ig˜i
∂
∂α˜
∂2
∂a˜i∂a˜∗i
W˜
− i
4
∑
i
1
Nin
τ0χ
ℓ
g˜2i
∂
∂α˜
α˜
∂2
∂a˜i∂a˜∗i
W˜ − i
4
∑
i
1
n2
τ0χ
ℓ
g˜2i
∂
∂a˜i
a˜i
∂2
∂α˜∂α˜∗
W˜ + C.c. . (13)
Here J˜ represents the tunneling between neighboring dis-
crete sites and corresponds to the kinetic energy term in
the continuum limit, and V˜i, g˜i, h˜i are spatially varying
functions averaged over the width of the discrete basis
states. We have also transformed to the dimensionless
time scale t˜ = t/τ0, with τ0 = (2mℓ
2)/~, and so frequen-
cies transform, for example, as κ˜ = κτ0. Several facts are
now readily apparent. The tunneling and interaction en-
ergies are comparable when the width of the discrete ba-
sis states approaches the healing length ξ = ~/
√
2mρU ,
where ρ is the 1D atomic density. The healing length rep-
resents the characteristic length scale associated with the
nonlinear atom-atom interactions, and we set ℓ ≈ ξ. The
first derivative (drift) terms can then be seen to all be
independent of both the photon number and atom site
occupation numbers in this scaling, with the exception
of the constant −1/2,−1 terms introduced by nonlinear
terms. Such constant corrections become negligible in
the limit that the photon number and atom occupation
numbers are large.
The diffusion term due to the continuous measurement
of the cavity photon mode scales as 1/n, since fluctua-
tions become less important as the classical limit n→∞
is approached. However, the problematic triple deriva-
6tive terms can all be seen to scale as ǫ2i , ǫ
2
n, or ǫiǫn,
where ǫi = 1/Ni and ǫn = 1/n. Provided atom and pho-
ton numbers are large and so ǫi,n ≪ 1, we are therefore
justified in neglecting the triple derivative terms, with
the remaining drift and diffusion terms giving a Fokker-
Planck equation.
So far we have considered regions where the atom num-
ber Ni is large. In those spatial regions where Ni is
small, the atom-photon and atom-atom interactions pro-
vide negligible contributions to the system dynamics and
these terms may be neglected in the original master equa-
tion. Therefore, no triple derivative terms occur for such
regions.
Having neglected the triple derivative terms, we are
left with a Fokker-Planck equation of the form
∂
∂t˜
W˜ =−
∑
i
∂
∂xi
Ai(x)W˜
+
1
n
κ˜
2
∂2
∂α˜∂α˜∗
W˜ +
1
n
κ˜
2
∂2
∂α˜∗∂α˜
W˜ , (14)
where the index xi runs over the set
{
α˜, α˜∗, {a˜i, a˜∗i }
}
.
The matrix elements Ai are given in the first two lines
of Eq. (13), and these drift terms are responsible for the
unitary Hamiltonian dynamics of the classical fields in
the interacting atom-light cavity system. In contrast, the
diffusion terms from the second line of Eq. (14) can be
physically associated with the continuous measurement
of the intensity of light leaking from the cavity. These
terms represent a continuous quantum measurement pro-
cess on the coupled atom-light system. For clarity, we
now revert to the continuum limit, with the implicit as-
sumption that the resulting equations will be solved on
a discrete grid satisfying the above criteria.
In order to derive a Fokker-Planck equation for the
atom-light system, we have kept the leading order terms
in the limit of weak quantum fluctuations. The expansion
is done with respect to both the nonlinear interparticle
interaction and the atom-light coupling strength. In the
case of the nonlinear s-wave interaction U the require-
ment of weak quantum fluctuations becomes clear when
we observe that the condition Ni ≫ 1 can be related
to the 1D Tonks parameter γ = mU/(~2n). The Tonks
parameter measures the ratio of the nonlinear s-wave in-
teraction to kinetic energies for atoms spaced at the mean
interatomic distance, and the number of atoms found in
a length ℓ ≃ ξ is Nξ ≃ 1/
√
2γ. (In contrast, in 3D the
result is Nξ = 1/(2γ3D)
3/2, where γ3D = mρ
1/3
3DU3D/~
2
is again the ratio of interaction energy to kinetic energy.)
The expansion therefore is strictly valid in the γ ≪ 1
regime, that of a weakly interacting bosonic gas, al-
though especially in 1D systems short-time behavior can
be qualitatively described even for more strongly fluctu-
ating cases [62]. In the classical weakly fluctuating limit
N → ∞, U → 0, with NU = C kept constant, the Bo-
goliubov approximation becomes accurate and eventually
one recovers the Gross-Pitaevskii mean-field theory [62].
However, as we will argue in Sec. IV, in a continuously
monitored system, when an observable is sufficiently ac-
curately resolved in a detection process, it starts behav-
ing classically even deep in the quantum regime. There-
fore, regarding the dynamics of a frequently measured
observable, the classical phase-space theory is expected
to describe approximately even cases with strong quan-
tum fluctuations.
The derivation of a Fokker-Planck equation is reminis-
cent of dropping the triple derivative terms that arise
from the s-wave interactions in the truncated Wigner
approximation [54–60, 63] for a closed bosonic atomic
system. While we have used a discrete spatial basis ar-
gument here, similar arguments for truncating the inter-
particle interactions have been made using spectral ba-
sis decompositions [60, 63]. When using the truncated
Wigner method it is common to neglect the constant
term introduced by the interparticle interactions, letting
(|ψ|2 − 1) → |ψ|2, since it leads only to a spatially con-
stant phase rotation. We note that here [see Eq. (13)] the
comparable terms introduced by the atom-light couplings
are spatially varying and cannot trivially be neglected.
Equation (14) describes the evolution of the phase-
space distribution W (α, α∗, {ψ, ψ∗}) unconditioned on
any particular measurement trajectory. As such, it cor-
responds to an approximation to the evolution given in a
full quantum treatment by the master equation (7), en-
semble averaged over all possible measurement outcomes.
We wish to study the backaction due to a particular mea-
surement record, and so turn to a decomposition of the
problem into classical measurement trajectories repre-
senting individual experimental runs. In the following
Section, we first discuss the case in the fully quantum
limit, before showing that our Fokker-Planck equations
can be unraveled to give classical descriptions for a con-
tinuously monitored atom-cavity system.
IV. CONDITIONED MEASUREMENT
TRAJECTORIES
A. Quantum trajectories
For a system with Hamiltonian H , the quantum-
mechanical evolution of the density matrix is given by
the master equation
ρ˙ = − i
~
[H, ρ] + Lρ . (15)
Here we assume that the system is continuously moni-
tored and the generic measurement process is represented
by the coupling to the environment that exhibits the
Lindblad form
Lρ = 2AˆρAˆ† − Aˆ†Aˆρ− ρAˆ†Aˆ . (16)
The ensemble averaged behavior of the density matrix
can be unraveled into stochastic quantum trajectories of
state vectors (quantum Monte Carlo wave functions) [24–
26]. Each trajectory then corresponds to the dynamics of
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and represents a stochastic process. Averaging over many
such trajectories reproduces the results of the uncondi-
tioned master equation, complete with the correct statis-
tics for the measured quantity, within statistical uncer-
tainty.
In the limit that individual measurement events (such
as photon emissions) can be resolved, the trajectories
have the form of a series of quantum jumps [24–26], with
individual counting events occurring at discrete random
times which conform to the relevant probability distribu-
tion. The above Lindblad term represents a system in
which the density operator changes by ρ→ 2AˆρAˆ† when
a measurement (a ‘jump’) is made. So, for a system in
a pure state, when a measurement occurs during a given
small time-step, the wavefunction changes by
|ψsys(t+∆t)〉 =
√
2Aˆ|ψsys(t)〉, (17)
and the wavefunction must then be renormalized.
In contrast, between jumps the absence of measure-
ment clicks on a detector also conveys information about
the system, and this backaction can be included by evolv-
ing the wavefunction with the nonunitary Hamiltonian
H − i~Aˆ†Aˆ. The times at which jumps occur are given
by comparing the loss of norm due to the nonunitary
evolution with a number chosen randomly from a uni-
form distribution between 0 and 1, which ensures the
correct measurement statistics are reproduced. For a sys-
tem which is sufficiently small that such an evolution is
computationally feasible, a quantum trajectory can be
simulated that includes the backaction due to a partic-
ular measurement record. That record is given by the
set of discrete times at which the quantum jumps have
occurred. In the limit of a large rate of photon emissions
such that individual emissions are not resolved, but that
the measurement is instead of a continuous flow of pho-
tons, the quantum stochastic trajectories become SDEs
for the state vector of the system [23, 27, 33].
Such quantum trajectories are beyond our current abil-
ity to numerically simulate when the number of modes
becomes large. Fortunately, as we will show in the fol-
lowing Section, the classical phase-space picture we de-
veloped (Sec. III) can be unraveled in an analogous man-
ner, and provides a natural approximate description for
single experimental runs subject to cavity light measured
outside of the cavity.
B. Measurement trajectories in a classical
phase-space picture
In Sec. III we derived an approximate representation
for the continuously monitored atom-cavity system in the
form of a Fokker-Planck equation. In the resulting de-
scription (14) the nonlinear atom-light dynamics is incor-
porated in the drift term and the backaction of the con-
tinuous quantum measurement process, whereby photons
leak out of the cavity and are continuously monitored
by light intensity measurements, constitutes the diffu-
sion part of the equation. This Fokker-Planck equation
for the ensemble averaged quasi-probability distribution
W (α, α∗, {ψ, ψ∗}) can then be mathematically mapped
onto systems of SDEs [53, 64].
For our coupled BEC and cavity system, in the weakly
fluctuating limit, the resulting coupled Ito SDEs that fol-
low from the Fokker-Planck equation read
i~
∂
∂t
ψ(x, t) =
{
− ~
2
2m
∇2 + V (x) + U |ψ|2
+
~
∆pa
[
h(x)2 + g(x)2
(
|α|2 − 1
2
)
+ h(x)g(x) (α+ α∗)
]}
ψ, (18)
dα =
[
η − κα+ i
(
∆pc − 1
∆pa
∫
dxg2(x)|ψ(x)|2
)
α
− i
∆pa
∫
dxh(x)g(x)|ψ(x)|2
]
dt
+
√
κ
2
(dWx + idWy) , (19)
where dWx,y are two independent Wiener increments sat-
isfying 〈dWi〉 = 0, 〈dW 2i 〉 = dt, and 〈dWidWj〉 = 0. We
have neglected here terms in Eq. (18) which lead merely
to overall phase rotation of the stochastic field ψ(x, t).
According to this mapping, the diffusion term in the
Fokker-Planck equation represents a dynamical noise
term in the corresponding SDE. The noise term has a
physical origin resulting from the backaction of a con-
tinuous quantum measurement process in which the in-
tensity of light leaking out of the cavity monitored. For
simplicity, we assume a perfect photon detection process
where every photon escaping the cavity is measured. In
each individual realization of the stochastic dynamics,
determined by Eqs. (18) and (19), the evolution is there-
fore conditioned on a particular continuous measurement
record that directly corresponds to the classical approx-
imation of an individual experimental run. The mea-
surement backaction on atomic BECs becomes even more
evident in next Section when we adiabatically eliminate
the cavity field and the continuously observed quantity
is expressed in terms of the atomic fields.
We have constructed the classical stochastic measure-
ment trajectories by unraveling the evolution of the
Fokker-Planck equation into stochastic dynamical pro-
cesses in such a way that the stochastic noise term in
each realization corresponds to a particular measurement
record on a detector. The method uses a similar principle
to the formulation of quantum trajectories of stochastic
state vectors from the full quantum-mechanical master
equation. Each individual classical trajectory is a faith-
ful representation of a possible single experimental run
of a continuous detection record. The behavior of the
Fokker-Planck equation, unconditioned on any particular
8measurement record, and quantum-mechanical ensemble
averages of the observed quantities can be reconstructed
from an ensemble average over many individual trajecto-
ries. In this classical approximation individual discrete
counting events of the photons can no longer be resolved
in the noise contribution that approximates a continuous
stream of photons.
For a given trajectory solution, the corresponding mea-
surement record is that of photon counts occurring at the
rate rmeas(t) = 2κ(|α(t)|2 − 1/2). The remaining terms
in Eq. (19) give the Hamiltonian evolution of the cav-
ity mode variable, which couples to the atoms through a
transverse pumping term and through a density depen-
dent resonance shift. Similarly, the terms in Eq. (18)
represent the Hamiltonian evolution of the atoms, with
familiar terms for the dynamics of a BEC in a trap, extra
terms due the dipole potential from the cavity and trans-
verse pump light fields, proportional to g2(x) and h2(x)
respectively, and a term describing the scattering process
whereby an atom absorbs a photon from the transverse
beam and emits into the cavity mode.
We emphasize here, that in this paper we use “clas-
sical” dynamics to mean that which can be described
by a valid classical probability distribution in phase-
space and which conforms to classical logic. Several in-
teracting many-body systems with significant quantum
fluctuations belong to this category, e.g., spin squeezed
states [65, 66].
To accurately represent a single experimental realiza-
tion the initial conditions must be chosen with care. In
practice, they can be sampled stochastically from the
quasi-probability density W (α, α∗, {ψ, ψ∗}, t = 0) in a
manner to reproduce as accurately as possible, or desir-
able, the correct quantum statistical correlations for the
system. We address this further in Sec. VIII.
In the stochastic representation W (α, α∗, {ψ, ψ∗}, t =
0) is chosen as a valid classical probability distribution for
the initial state, even though quantum fluctuations (such
as mode squeezing) are approximately included. The ap-
proximate Fokker-Planck equation (14) for the atom-light
system preserves the validity of the classical probabilis-
tic description. Equation (14) also includes the quantum
measurement backaction into the evolution of the quasi-
probability density. The decomposition of the Fokker-
Planck equation into SDEs then incorporates measure-
ments into our classical trajectories.
For a continuously monitored strongly interacting two-
mode system of bosonic atoms in a double-well potential,
it was shown that such classical measurement trajectories
agreed with the exact quantum solutions even in the limit
of strong quantum fluctuations for observables whose dy-
namics were well resolved by the measurement [28]. By
using two detectors to measure the photons coherently
scattered from an off-resonant source by atoms in each
well, the populations of the two wells were continuously
monitored and the population difference z(t) between the
wells could be inferred. When the measurement rate was
high enough to allow the resolution of the dynamics of
z(t)–a measurement rate as low as 10 photons per char-
acteristic oscillation period of z(t)–it was shown that the
classical trajectories agreed with the quantum trajecto-
ries. This agreement held even for systems with as few as
10 atoms, deep in what would normally be considered a
quantum regime. The example demonstrates more gener-
ally how classical physics emerges from quantum mechan-
ics as a result of the backaction of a continuous quantum
measurement process. We may conjecture that in few- or
many-body systems any continuously measured observ-
able whose dynamics is resolved by a sufficiently frequent
measurement rate can be closely approximated by classi-
cal dynamics. In other words, although the mathemati-
cal derivation of the approximate Fokker-Planck equation
(14) relies on the assumption of weak quantum fluctu-
ations, the dynamics could therefore be approximately
predicted by the classical formalism for any continuously
measured observable that is resolved by a sufficiently fre-
quent detection rate, even when the system is strongly
fluctuating. It was argued in Ref. [28] that this emergent
classicality via continuous measurement is a consequence
of the suppression of quantum interference effects that
results from measurement backaction [3].
V. MEASUREMENT BACKACTION ON
ATOMS - ADIABATICALLY ELIMINATING THE
CAVITY MODE
While Eqs. (18) and (19) are numerically tractable and
can be solved directly, if we wish to consider the effect of
the measurement on the atoms we can gain some insight
by adiabatically eliminating the cavity light mode.
We give here a heuristic explanation of the derivation,
and leave a more rigorous derivation to Appendix A. The
equation of motion for aˆ obtained from Eq. (6) is
daˆ
dt
=
(
i
[
∆pc − 1
∆pa
∫
Ψˆ†(x)Ψˆ(x)g2(x)dx
]
− κ
)
aˆ
+ η − i
∆pa
∫
Ψˆ†(x)Ψˆ(x)h(x)g(x)dx,
(20)
and in the bad cavity limit (κ ≫ g0) we eliminate the
field by setting
aˆ =
1
κ− i∆˜pc
(
η − i
∆pa
∫
Ψˆ†(x)Ψˆ(x)h(x)g(x)dx
)
.
(21)
Here ∆˜pc = ∆pc− (1/∆pa)
∫
Ψˆ†(x)Ψˆ(x)g2(x)dx incorpo-
rates the atomic density resonance shift into the detun-
ing. In order to make the transformation to the Wigner
function picture tractable, we remove the atom contribu-
tion from the denominator by expanding in terms of the
9small parameter ∆˜pc/κ, leading to
aˆ =
1
κ
(
η − i
∆pa
∫
Ψˆ†(x)Ψˆ(x)h(x)g(x)dx
)
×
(
1 + i
∆˜pc
κ
+O
(
∆˜2pc
κ2
))
. (22)
To further reduce the complexity of the equations, we
now specialize below to the case of a cavity pumped solely
on axis. Later we consider the case of the transversely
pumped system.
A. Axially pumped cavity
If there is no transverse pumping of the atoms (h(x) =
0), then eliminating the cavity field operator leads to a
master equation for the atoms
∂ρa(t)
∂t
= − i
~
[H2, ρa(t)] + Lρa(t). (23)
To the lowest order in our expansion parameter, the
Hamiltonian part is
H2 =
∫
dxΨˆ†(x)
[
− ~
2
2m
∇2 + V (x)
+
U
2
Ψˆ†(x)Ψˆ(x) + ~
|η|2
κ2
g2(x)
∆pa
]
Ψˆ(x). (24)
Similarly, the Lindblad term becomes to this order
Lρa = |η|
2
κ3
(
2XˆρaXˆ − XˆXˆρa − ρaXˆXˆ
)
, (25)
where the operator Xˆ is used to represent
Xˆ =
∫
dx
g2(x)
∆pa
Ψˆ†(x)Ψˆ(x). (26)
In contrast to the earlier results, now the measurement
observable depends solely on atomic operators. From
a quantum trajectory viewpoint, each photon measure-
ment causes a change in the density matrix due to the
jump operator
J ρa = 2|η|
2
κ3
XˆρaXˆ. (27)
The measurement of the intensity of light lost from the
cavity can then be seen to give a measure of the squared
integrated density of the atoms, modulated by the cavity
mode shape and any spatial dependence of the detuning.
The probability for such a loss event in a short time δt is
Tr{J ρaδt}, and so the rate of scattered photons counted
by the measurement apparatus is
rmeas(t) =
2|η|2
κ3
〈XˆXˆ〉. (28)
In this adiabatic eliminated formalism, the measure-
ment operator involves an integral over a nonuniform
multimode quantum field Ψˆ(x) combined with a spatially
varying cavity coupling strength. The motivation for our
classical measurement trajectories is particularly clear
in this picture, since the full quantum trajectory ap-
proach for such a measurement operator is not numer-
ically feasible, with the exception of limiting cases where
the atoms may be simplified to very few modes. In the
following numerical examples we simulate measurement
backaction on a spatial grid of the order of 1000 points.
Therefore, we again use a classical Wigner representa-
tion, but having eliminated the cavity field we can now
use a representation in terms solely of the atomic vari-
ables W ({ψ(x), ψ(x)∗}). However, before we give the
full expression for the resulting classical trajectories, the
effect of the measurement terms can be more transpar-
ently demonstrated by using a density and phase ba-
sis. Defining ψ(x) = f(x) exp(iΦ(x)), such that f2(x)
corresponds to the density of the atoms and Φ(x) the
phase, we express the Wigner function equation of mo-
tion for W ({f(x),Φ(x)}). Momentarily concerning our-
selves solely with the contribution from the measurement
terms in the master equation, the following terms appear
in the Fokker-Planck equation
∂
∂t
W ({f(x),Φ(x)})
∣∣∣∣
meas.
=
∫
dx
[
2
|η|2
κ2
g2(x)
∆pa(x)
δ
δΦ(x)
+
1
2
∫
dx′2
|η|2
κ3
g2(x)g2(x′)
∆pa(x)∆pa(x′)
δ2
δΦ(x)δΦ(x′)
]
W. (29)
The measurement part of this Fokker-Planck equation
has a positive semidefinite diffusion matrix and can be
mapped onto the SDEs
df(x)
dt
∣∣∣∣
meas.
= 0, (30)
dΦ(x)|meas. =
√
2
|η|
κ3/2
g2(x)
∆pa(x)
dW, (31)
where dW is a single Wiener increment with 〈dW 〉 = 0,
〈dW 2〉 = dt. The measurement can be seen not to cause
any direct dynamics of the density of the atoms, but in-
stead to lead to a stochastic evolution of the phase profile
that can considerably fluctuate between different mea-
surement trajectories. This phase noise is spatially de-
pendent, due to the cavity mode shape and any variation
in the detuning. When we ensemble average over many
such measurement trajectories, the fluctuating phase in
different trajectories results in phase decoherence. The
ensemble averaged evolution is no longer conditioned on
any particular measurement record, and within statisti-
cal uncertainty approximates the evolution of the corre-
sponding Fokker-Planck equation.
Including the Hamiltonian terms from Eq. (24), and
reverting to the ψ(x) representation, the Fokker-Planck
equation for the atomic Wigner function can be unraveled
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dψ(x) =
{
−i
~
[
H0 + U |ψ(x)|2
]− i |η|2
κ2
g2(x)
∆pa(x)
F
− |η|
2
κ3
g4(x)
∆2pa(x)
}
ψ(x)dt − i
√
2
|η|2
κ3
g2(x)
∆pa(x)
ψ(x)dW.
(32)
The first term corresponds to the normal nonlinear evo-
lution of the atoms in the absence of light or the cavity.
For the lowest order expansion in our small parameter, we
have F ≈ 1+O(∆˜pc/κ), and so the second term includes
the effects of the optical potential due to a standing wave
of light in the cavity. The more rigorous derivation given
in Appendix A provides a higher order term
F ≈
[
1 +
∆pc
κ2
∫
g2(x′)
∆pa(x′)
|ψ(x′)|2dx′
]
+O


(
∆˜pc
κ
)2 ,
(33)
which includes interactions between atoms mediated by
cavity photon exchange and can be understood as a
change in the cavity resonance frequency due to the dis-
tribution of the atoms. The two terms on the second line
(32) both arise from the measurement process, and to-
gether result in the stochastic phase evolution of Eq. (31).
Note that while neither of the measurement terms ap-
pear to conserve particle number in this representation,
the sum of the two terms does do so, as indicated by
Eq. (30).
B. Transversely pumped atoms
In contrast, if the cavity is pumped solely by a trans-
verse beam of profile h(x) incident on the atoms, then
the expansion of Eq. (22) gives
aˆ ≈ −i Yˆ
κ
(
1 + i
∆pc
κ
− i Xˆ
κ
)
, (34)
where Yˆ represents the off-resonant excitation of the
atoms via the transverse pump
Yˆ =
∫
dx
h(x)g(x)
∆pa
Ψˆ†(x)Ψˆ(x). (35)
Similarly to the previous Section, we assume that
∆pc/κ, Xˆ/κ ≪ 1, then the lowest order expansion leads
to a master equation
∂ρa(t)
∂t
= − i
~
[H3, ρa(t)]
+
1
κ
(
2Yˆ ρaYˆ − Yˆ Yˆ ρa − ρaYˆ Yˆ
)
, (36)
with
H3 =
∫
dxΨˆ†(x)
[
H0 +
U
2
Ψˆ†(x)Ψˆ(x)
+ ~
h2(x)
∆pa
]
Ψˆ(x). (37)
The jump operator associated with a measurement in
this case is
J ρa = 2
κ
Yˆ ρaYˆ , (38)
and so the rate of measurement is
rmeas(t) =
2
κ
〈Yˆ Yˆ 〉 = 2κn, (39)
which we have expressed in terms of the number of pho-
tons in the cavity n = 〈aˆ†aˆ〉 = 〈(Yˆ /κ)2〉. Note that
in this case, since all cavity photons appear from inter-
actions of the transverse beam with atoms, the rate of
measurement events which affect the atoms rmeas is sim-
ply that of the number of photons leaving the cavity. In
contrast, for the directly pumped cavity, only the detec-
tion of photons which have interacted with atoms lead to
a measurement backaction on the atoms.
Following the derivation in the previous Section, we ob-
tain classical measurement trajectories for the stochastic
field ψ(x) governed by the SDE
dψ(x) =
{
−i
~
[
H0 + U |ψ(x)|2
]− i h2(x)
∆pa(x)
− 1
κ
h2(x)g2(x)
∆2pa(x)
}
ψ(x)dt − i
√
2
κ
h(x)g(x)
∆pa(x)
ψ(x)dW.
(40)
The first term proportional to h2(x) incorporates the
light shift due to the transverse pump beam. The contin-
uous measurement leads to the last line of Eq. (40), and
has the direct effect of a spatially dependent stochastic
evolution of the phase
dΦ(x)|meas. =
√
2
κ
g(x)h(x)
∆pa(x)
dW, (41)
whose spatial distribution now also depends on the pump
profile h(x). In contrast to the cavity pumped case where
the noise term has the same sign at all spatial points due
to the appearance of the g2(x) term, here it is able to
alter sign with g(x) (for simplicity we assume that the
large |∆pa| does not change sign in the atomic sample).
Similarly to the previous results, the measurement only
has a direct effect on the phase profile of the system and
the atom density is only affected indirectly via nonlinear
dynamics.
In the following Section we present a compara-
tively simple system confined within an optical lattice
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which demonstrates clearly via classical trajectories the
stochastic phase evolution and decoherence, while in
Sec. VII we consider the quantum measurement-induced
optomechanical dynamics of a multimode BEC in a cav-
ity.
VI. QUANTUM MEASUREMENT-INDUCED
PHASE FLUCTUATIONS AND PATTERN
FORMATION
A. Uniformly driven system
The backaction of a continuous quantum measurement
process can have a dramatic effect on large quantum sys-
tems. The question of how two superfluids that have
never seen each other can possess a relative phase [67],
has led to speculation on the role of quantum measure-
ment backaction on large superfluid systems [4]. Quan-
tum trajectory simulations on idealized two-mode atomic
BEC systems have demonstrated how the relative phase
between two BECs can be established in a continuous
quantum measurement process, even though the conden-
sates initially have no relative phase information [29–32].
In this case an interference experiment on condensates
builds up in each probabilistic detection event the corre-
lations and the phase coherence between the two BECs.
Each subsequent detection event is conditioned on the
outcome of the previous measurements and the correla-
tions become further enhanced. Although the phase can
be initially entirely random, a continuous measurement
process eventually establishes a well-defined value for the
phase. Since in each stochastic run this value emerges
randomly, ensemble-averaging over many realizations re-
sults in a flat phase distribution [0, 2π[ and no relative
phase information between the BECs.
In this and the following Sections we apply the classi-
cal stochastic measurement trajectories to atomic BECs
confined in an optical cavity to study the effect of a con-
tinuous quantum measurement process on large spatially-
varying multimode quantum fields. In order to accom-
modate the spatial features of the multimode effects we
consider in the numerical simulations up to 1024 spatial
grid points. This number of spatial degrees of freedom
in the dynamics greatly exceeds the computational pos-
sibilities for the number of modes in the exact quantum
trajectory simulations.
As a first example we show how the continuous mon-
itoring of the intensity of light leaked out of the cav-
ity results in phase fluctuations and pattern formation
of the atoms. Each stochastic realization of the classical
measurement trajectory leads to a characteristic stochas-
tic evolution of the condensate phase profile and spatial
density pattern of the atoms that is a sole consequence
of the backaction of the continuous measurement process
and is conditioned on the particular measurement record.
The emergence of the density pattern [Fig. 3(a)] repre-
sents a quantum measurement-induced spontaneous sym-
FIG. 1. (Color online) The system of interest in Sec. VI.
A condensate confined by the static external potential of
Eq. (42) is placed inside an optical cavity with coupling func-
tion g(x) = g0 sin(kx). The initial condensate density is
shown as the blue solid line, and since the optical lattice po-
tential is commensurate with the cavity mode, peaks of den-
sity correspond to maxima of |g(x)|. The atoms are pumped
transversely by the spatially constant h(x) = h0, and photons
lost through the cavity mirrors at a rate κ are detected by a
photon counter. Lattice sites are numbered from left to right,
with the centermost sites being numbered 12 and 13.
metry breaking–a multimode effect, reminiscent of the
measurement-induced relative phase in the interference
simulations of a two-mode BEC. Ensemble-averaging
over many such realizations of atom-cavity measurement
trajectories restores the initial uniform unbroken spatial
pattern of the atomic density [Fig. 3(c)].
We here numerically simulate a BEC of N atoms, as-
suming that the system is confined in an elongated 1D
trap, and we ignore any density fluctuations of the atoms
along the radial direction. The system we consider is il-
lustrated in Fig. 1. In the axial dimension, atoms are
subject to a combined potential of a harmonic trap and a
static optical lattice commensurate with the cavity mode
V (x) =
1
2
mω2x2 + sER cos
2(kx). (42)
Atoms are therefore trapped at the antinodes of g(x)
and we choose a lattice height of s = 10, where ER =
~
2k2/2m is the recoil energy of a photon. The harmonic
potential confines the system, and defines the dimension-
less length x0 =
√
~/mω, and time t0 = 1/ω scales that
we use to present the results in this and the following Sec-
tion. As the initial state we consider atoms in the ground
state of the combined trapping potential in the absence
of any pump field, with k ≈ 8.1x−10 , such that approxi-
mately 22 sites of the lattice have significant population.
For simplicity, we assume that the quantum and thermal
fluctuations in the initial state are sufficiently small that
they can be ignored. As a consequence, any difference in
behavior for individual trajectories stems directly from
the backaction of different measurement records. The
system is pumped for times t > 0 by a transverse beam
h(x) = h0, illuminating all sites equally. The remain-
ing parameters defining the system are NU ≈ 38~ωx0,
and h20g
2
0/κ∆
2
pa ≈ 2.6 × 10−3ω. We evolve the system
for a number of independent measurement trajectories
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FIG. 2. (Color online) Quantum measurement-induced phase
evolution of the atomic field inside a cavity and the result-
ing phase decoherence in ensemble-averaged dynamics. (a)
Relative phase variation between the atomic field in the two
central lattice sites for two distinct measurement trajectories.
(b) Ensemble averaged cosine of the phase between atoms in
different lattice sites, averaged over 400 measurement realiza-
tions, showing dissipation induced decoherence. The phases
are plotted between site i = 12, and sites differing in number
by i - j = 2,-2,-7,3,-1,1 (upper to lower curves,respectively).
The shaded region for the i − j = 1 curve represents one
standard deviation of the sampling error in the results. A fre-
quency analysis of the rapid oscillations evident in the curves
reveals an interplay of several excited collective modes, sup-
porting the need for a multimode treatment such as we present
in this paper.
by numerically solving Eq. (40) using the Milstein al-
gorithm [68]. We analyze the results at the end of the
simulations by decomposing the numerically calculated
classical field ψ(x) at different times into a lattice site
basis [56, 66], also taking into account that the Wigner
distribution returns symmetrically (instead of normally)
ordered quantum-mechanical expectation values.
In this configuration, the measurement operator of
Eq. (35) has a value 〈Yˆ 〉 which is approximately propor-
tional to the population imbalance Nodd − Neven, where
Nodd(even) is the total population in the odd (even) sites
of the lattice. Monitoring the intensity of light leak-
ing from the cavity therefore approximately measures
(Nodd −Neven)2. Consequently, from Eq. (41) we expect
that the continuous quantum measurement process will
lead to relative stochastic phase evolution of the atom
field between different sites. Figure 2(a) shows the rela-
tive matter wave phase between the two central sites for
two distinct measurement trajectories, each conditioned
on a different measurement record. The fluctuations in
relative phase differ between realizations, but in both
cases an increase with time in the amplitude of the fluctu-
ations in relative phase can be seen. Ensemble averaging
over many realizations, Fig. 2(b) shows that the uncon-
ditioned dynamics leads to a phase decoherence between
sites due to dissipation, with a rate depending upon the
separation of the sites. Sites separated by an even num-
ber experience the same sign of g(x) and so remain more
phase coherent.
Since we start with a symmetric gas of atoms the initial
expectation value of the light intensity inside the cavity
vanishes due to destructive interference between the odd
and even sites. For a single measurement trajectory, the
stochastic phase fluctuations between odd and even sites
due to photon detection lead to small population fluctua-
tions between sites, and allow a nonvanishing intracavity
light intensity. These population differences build and
we see the atoms self-organize into an odd or even site
pattern. The density variation for a single measurement
trajectory is shown in Fig. 3(a). Self-organization ini-
tially becomes pronounced at the outer sites where the
density is low, before propagating inwards to the high
density region. The onset of self-organization through-
out the system increases the value of 〈Yˆ 〉, and therefore
increases the measurement backaction. This is evident
in the increase in phase fluctuations after about 0.5 trap
periods in Fig. 2(a). Ensemble averaging over many tra-
jectories, the enhanced phase fluctuations after that time
lead in turn to an enhanced rate of phase decoherence in
the unconditioned results of Fig. 2(b).
Since neither pattern is energetically preferred, differ-
ent measurement trajectories spontaneously break the
symmetry into either pattern without favor. This ex-
ample demonstrates the substantial effect a continuous
quantum measurement process can impart on a BEC. We
do not see the atoms stabilize into a constant pattern. In
fact, we see the pattern oscillate between odd and even
sites, similar to a Josephson like oscillation. The extent
of self-organization and the oscillations between patterns
show up in the rate of measured photons, Fig. 3(b), with
peaks corresponding to significant population imbalance
between odd and even sites.
Steady-state spontaneous self-organization has been
much studied for thermal gases [39, 69, 70] and BECs [42]
in optical cavities, and experimentally observed, e.g., in
2D systems [71, 72]. However, as Fig. 4 shows, our pa-
rameter regime is well below the pump power threshold
for the onset of steady-state self-organization. The self-
organization we observe here is therefore qualitatively
different from the well-studied steady-state phenomenon,
in that it exists only as a dynamical effect, resulting in
oscillations between the two patterns.
We emphasize that the phase fluctuations and the self-
organization in our model of the far-detuned transversely
pumped atom-cavity case comes solely from the measure-
ment backaction. The stochastic noise associated with
the intensity measurement of light leaked from the cavity
in each individual run of the classical trajectory condi-
tions the dynamical evolution of the atoms inside the cav-
ity and the subsequent measurement record. The mea-
surements lead to the spontaneous breaking of the sym-
metry in the spatial density pattern of the atom cloud.
If we ensemble-average over many independent stochastic
realizations the broken symmetry in the atomic density is
restored and we can recover the uniform density pattern,
as illustrated in Fig. 3(c).
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FIG. 3. (Color online) Quantum measurement induced symmetry breaking in atomic density evolution, conditioned on a mea-
surement record. (a) Time dependence of the stochastic field density |ψ(x, t)|2 for a single measurement trajectory, conditioned
on a single measurement record. This trajectory corresponds to the phase evolution shown in Fig. 2(a) [blue, solid line]. (b)
The measurement rate of photons at the detector for the single trajectory shown in (a). Ensemble averaged time dependence
of the stochastic field density |ψ(x, t)|2, averaged over 400 realizations, which restores the unbroken spatial pattern.
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FIG. 4. (Color online) Steady-state self-organization: Steady-
state relative population imbalance due to self-organization
as a function of pumping strength, h˜0 in the units of h0 –
the pumping strength used for the classical measurement tra-
jectories in this Section and highlighted by the red circle in
the figure (h20g
2
0/κ∆
2
pa ≈ 2.6 × 10
−3ω). We solve the steady-
state problem using the classical Gross-Pitaevskii equation
approach as detailed in Ref. [42], but calculated for our finite
system in the harmonic potential trap. Self-organization is
seen to occur for factors h˜0/h0 & 10.
B. Spatially nonuniform transverse pump
Owing to the multimode nature of the classical
stochastic measurement trajectories, we can also inves-
tigate the backaction of a continuous quantum measure-
ment process on spatially selective regions of the multi-
mode atomic field. In the present case the measurement
can be constructed to be spatially selective by employ-
ing a nonuniform profile for the driving field h(x), and
so directly cause phase noise in only a limited number of
sites. For the same initial state as previously, we illumi-
nate the system by a transverse beam with a Gaussian
profile tailored to principally illuminate only a handful
of sites in the lattice, illustrated in Fig. 5(a). In addi-
tion, to show only the dynamics due to the continuous
measurement, we include an additional potential chosen
to exactly compensate the light shift term in Eq. (40)
arising from the spatially varying transverse beam.
Ensemble averaging over many realizations, the spread
of the decoherence with time through the system can be
seen in Fig. 5(b-c). The sites illuminated by the trans-
verse beam accrue relative phase fluctuations due to the
measurement, as seen in the constant illumination re-
sults. In contrast, atoms in sites which are not measured
remain in phase at short times. At longer times, the tun-
neling between lattice sites then allows the phase evolu-
tion to propagate through to sites which are not illumi-
nated, and a more complicated many-body dynamics is
set up. Averaging over many independent trajectories ex-
hibiting these phase fluctuations results in spatially vary-
ing phase decoherence corresponding to the dynamics of
the unconditioned master equation (36) due to dissipa-
tion from the open system, as illustrated in Fig. 5(b-c).
VII. QUANTUM MEASUREMENT IN AN
OPTOMECHANICAL MULTIMODE SYSTEM
Due to the position sensitivity of the coupling of cav-
ity light to the atoms, the dynamics of the cavity mode
can couple to the mechanical motion of the BEC, a re-
alization of an optomechanical system. When the atom
cloud occupies a larger spatial region or the amplitude of
the mechanical oscillations is not small, a simple linear
optomechanical treatment is no longer valid. Incorporat-
ing the backaction of a continuous quantum measurement
process, when the light leaking out of the cavity is mon-
itored, provides an additional challenge.
In this Section we show how a continuous monitor-
ing of the intensity of the cavity output generates multi-
mode optomechanical dynamics of a condensate in a cav-
ity. The intrinsic multimode excitations of the BEC are
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FIG. 5. (Color online) Ensemble averaged phase decoherence of the atomic field inside a cavity, when the stochastic phase
evolution for a single trajectory is proportional to the spatially varying strength of the quantum measurement backaction.
We show Gaussian transverse pump results for a BEC in an optical lattice potential. (a) Initial state ψ(x, t = 0) (solid)
and transverse pump beam profile h(x) (red, dashed). The circles indicate the pair of sites most illuminated (16, 17) and the
corresponding pair on the other side of the condensate which is not illuminated (8, 9). (b) Ensemble-averaged cosine of the
relative phase between different sites. Lower to upper curves correspond to the following pairs of sites: pair of most illuminated
sites (16, 17) (blue, solid); sites (16, 13) (black, dashed); sites (16, 12) (green, dash-dotted); sites (8, 9) (red, dashed). (c)
Ensemble-averaged cosine of the phase relative to site 16 for all other sites at different times, showing the spread of the phase
decoherence with time. From upper to lower lines, the corresponding times are (0.025, 0.5, 1.0, 1.5, 2.0, 2.5)2pit0 respectively.
Parameters as given for Sec. VIA, and ensemble averaged over 200 realizations.
solely the consequence of the conditioned measurement
record of a single stochastic realization, and ensemble-
averaging over a large number of realizations cancels out
any overall optomechanical motion in the atomic den-
sity. Using classical measurement trajectories, we will
show that the measurement can be tailored to preferen-
tially excite selected intrinsic excitations. The optome-
chanical condensate dynamics with interacting collective
mode excitations cannot be adequately represented by
a single- or few-mode model; furthermore, inclusion of
a sufficient number of modes is infeasible for quantum
trajectory simulations.
Cavity optomechanics [73–76] provides a useful tool
to study the interface between quantum and classical
regimes, coupling a quantized light field to a meso- or
macroscopic mechanical system, such as a mirror that is
free to oscillate or a gas of atoms within the cavity. The
sensitivity of such systems to the position of the oscilla-
tor has several potential applications in quantum sens-
ing [77, 78], and the coupling with the light can be used
to control the mechanical system, for example cooling of
the macroscopic motional state [79, 80]. Nanomechan-
ical resonators have now been cooled to the quantum
regime [81–83]. In contrast, ultracold atomic gases can
routinely be cooled to the quantum degenerate regime,
and the technical challenges of cooling optomechanical
systems that are commonplace for most mechanical os-
cillators can be circumvented. For ultracold gases in a
cavity, we have an optomechanical system where a quan-
tized light field is coupled to a many-body multimode op-
tomechanical system that is already in its ground state,
allowing a variety of optomechanical responses [84–88].
In the following Section we briefly review the more
commonly discussed linear optomechanical regime, be-
fore returning to focus on the multimode problem in the
subsequent Section.
A. Linear optomechanical regime
Current experiments on cavity optomechanics with ul-
tracold atoms have generally operated in the linear op-
tomechanical regime, where the cavity light strongly cou-
ples only with a single excitation mode of the atoms.
Such a regime can be reached by having a cavity wave-
length much smaller than the extent of the atom cloud,
such that it predominantly Bragg diffracts the atoms be-
tween the states with momentum 0 and ±~k [37]. The
linear regime is reached provided that higher momentum
states play a negligible role. Alternatively, atoms can
be tightly trapped via a strong external optical lattice.
Provided that each atom cloud can move only a small am-
plitude from the lattice site minimum, the linear regime
is again reached with the dominant dynamics being due
to a single collective mode [35, 89]. In this regime, the
system is well described by the coupled Hamiltonian for
the cavity light mode and the single motional mode bˆ
Hlin = ~ωbbˆ
†bˆ+ ~ω′caˆ
†aˆ+ ~g′(bˆ+ bˆ†)aˆ†aˆ , (43)
where ω′c includes the shift to the cavity resonance fre-
quency from the atoms, and g′ is a generalized coupling
strength between the atomic mode and the cavity pho-
tons. We can recover this form of Hamiltonian from
our Eq. (6) by, for example, assuming a tightly confined
condensate with a spatial extent smaller than the cav-
ity wavelength, pumped on the cavity axis. This could
also represent a single site of an optical lattice where the
atoms occupy more than one site with negligible tunnel-
ing between the sites, provided the system can be approx-
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imated as translationally invariant. Under the approx-
imations that the condensate center-of-mass undergoes
small displacements of δx, centered at x0, but without
exciting any other perturbations in the shape of the con-
densate density, then the spatial integral in the coupling
term of Eq. (6) becomes
~
∆pa
∫
Ψˆ†(x)g2(x)Ψˆ(x)dxaˆ†aˆ ≈ ~
∆pa
g20 sin(kx0)δxaˆ
†aˆ.
(44)
Quantization of the center-of-mass motion, such that
δx = (bˆ + bˆ†)/
√
2 then leads to the linear optomechan-
ical Hamiltonian. Similar Hamiltonians can be derived
in the transversely pumped case, but the essential ap-
proximation is that the integral
∫
g2(x)|ψ(x)|2dx ∝ δx
(
∫
h(x)g(x)|ψ(x)|2dx ∝ δx for the transversely pumped
case). These are the same integrals which appear in
the measurement operators 〈Xˆ〉 and 〈Yˆ 〉 of Eqs. (26)
and (35), and hence photon detection implies a back-
action on the atoms which couples to the single mode bˆ
in this regime.
B. Multimode optomechanical system
In contrast to the linear optomechanical regime, we
study here the case where the measurement can cause
density perturbations of the condensate which are not in-
significant, center-of-mass displacement which is not re-
stricted to be small, and where the interactions between
atoms in the condensate can couple together different
quasiparticle excitations. The single-mode model com-
monly used to describe the condensate in the linear op-
tomechanical regime is therefore insufficient to describe
this many-mode problem and the richer physics we ex-
pect to result. Our classical treatment of the continuous
quantum measurement process is particularly suitable for
such a problem. The computational efficiency of the clas-
sical trajectories allows us to simulate a condensate on
a spatial grid with upwards of 1024 points, a problem
whose full quantum trajectory calculation is not numer-
ically feasible.
1. The system
In this Section we are interested in the atom dynam-
ics in a single potential well, and therefore simulate a
BEC confined within an optical cavity by the harmonic
external potential
V (x) =
1
2
mω2x2, (45)
where we will assume the wavelength of the cavity to be
of the same order as the radius of the BEC. This system
also represents the translationally invariant case of many
BECs in a periodic potential with negligible tunneling,
with each BEC coupled identically.
The atoms are pumped transversely with a uniform
driving field h(x) = h0 on resonance with the cavity
mode frequency, and we study the dynamics in the limit
of an adiabatically eliminated cavity field presented in
Sec. VB. In this limit, we emphasize that the sole dy-
namical contribution from the cavity mode is due to mea-
surement backaction. Since we will begin in an eigenstate
of the atomic Hamiltonian, all dynamics studied in this
Section are therefore purely measurement induced. De-
tection of the light leaking out of the cavity represents
a combined measurement of many of the collective ex-
citation modes of the atoms–these describe the intrinsic
dynamical degrees of freedom for a BEC in a multimode
picture. The quantum measurement can lead to complex
dynamics by exciting several of the interacting modes.
Nonetheless, we show that a suitable tailoring of the cav-
ity mode shape can be used to selectively excite particu-
lar collective modes of the atom cloud.
We calculate the classical measurement trajectories us-
ing Eq. (40), which has two free parameters. We set the
interaction nonlinearity NU ≈ 64~ωx0, and the ratio
h20g
2
0/κ∆
2
pa ≈ 0.042ω. In order to make the role of mea-
surement backaction more transparent, we operate in the
weakly fluctuating limit where the quantum and thermal
fluctuations in the initial state are assumed to be negli-
gible. In this limit the only difference between trajecto-
ries comes from the distinct backaction of the continuous
quantum measurement process; the dynamics of the sys-
tem generated by Eq. (40) for different trajectories arise
directly from a given measurement record for an indi-
vidual experimental run. The quantum fluctuations of
the initial state may be ignored provided the depletion
of the BEC is small, which for our nonlinearity requires
N ≫ 14 at zero temperature. More strongly fluctuating
cases could be studied using the approaches discussed in
Sec. VIII.
All quantities can be rescaled for an atom number
N , given the fixed nonlinearity, and the measurement
rate then scales as rmeas(t) ∝ N2. However, in ad-
dition to the classical limit above, the atom number
must satisfy two constraints. Firstly, the measurement
rate must be sufficiently high if we expect to resolve
the dynamics of the atoms inside the cavity–this re-
quires a significant number of measurement events dur-
ing the characteristic time of the excitation to be ob-
served. Secondly, the small parameter in our adiabatic
expansion
∫
(g2(x)/∆pa)|ψ(x)|2dx/κ must remain much
less than unity. As an example, choosing κ = 100ω,
g0/
√
∆pa = 0.16ω
1/2 and h0/
√
∆pa = 12.8ω
1/2, we find
an atom number in the range 500−1000 adequately satis-
fies these various constraints for the dominant excitations
that we study below.
2. Decomposition into Bogoliubov-de-Gennes modes
We simulate the effect of continuous quantum measure-
ment on the optomechanical motion of a BEC inside the
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cavity. Starting from the ground state of the BEC, we
begin to transversely pump the atoms on resonance with
the cavity at t = 0 with an aim to excite collective motion
of the condensate via the measurement process. Collec-
tive motion of the condensate can be decomposed, for
weak excitations, into the intrinsic excitation modes of
the system – the linearized Bogoliubov-de-Gennes (BdG)
quasiparticle modes. A semiclassical treatment of cavity
cooling for the unconditioned case using such a decom-
position was presented in [41]. The quasiparticle modes
ui(x) and vi(x) are the solutions to the BdG equations
L(x)ui(x)−NUψ20(x)vi(x) = εiui(x),
L(x)vi(x)−NU [ψ∗0(x)]2ui(x) = −εivi(x), (46)
in the subspace orthogonal to the stationary initial state
of the condensate ψ0(x), where
L(x) = H0 − µ+ 2NU |ψ0(x)|2. (47)
We can now define quasiparticle mode amplitudes αi [90],
such that
ψ(x, t) = e−iµt/~
{
α0(t)ψ0(x)
+
∑
i6=0
[αi(t)ui(x) − α∗i (t)v∗i (x)]
}
, (48)
where |α0|2 is the number of particles in the state ψ0(x)
which is normalized to
∫
dx|ψ0(x)|2 = 1. Projecting the
results of our classical measurement trajectory onto the
BdG modes then gives the time dependent mode ampli-
tudes
αi =
∫
dx
[
u∗i (x)ψ(x)e
iµt/~ + v∗i (x)ψ
∗(x)e−iµt/~
]
.
(49)
We can now use the BdG mode decomposition to ex-
press the measurement operator Yˆ from Eq. (35). Detec-
tion of a photon lost from the cavity represents a com-
bined measurement of many of the collective modes of
the condensate, dictated by the functional form of Yˆ ,
and corresponds to the jump operator of Eq. (38). When
the stochastic field ψ(x, t) is close to the initial configu-
ration – assuming that α0 is macroscopically occupied,
but the remaining excitation modes have low population
– then 〈Yˆ 〉 is approximately
〈Yˆ 〉 = h0
∆pa
{
|α0|2
∫
g(x)|ψ0(x)|2dx
+
∑
i6=0
α∗0
∫
g(x)ψ∗0(x) [αiui(x) − α∗i vi(x)] dx
}
.
(50)
We can therefore attempt to couple the measurement
backaction to a chosen mode by maximizing the corre-
sponding overlap integral
Oi =
∫
g(x)ψ∗0(x) [ui(x)− vi(x)] dx. (51)
3. Center-of-mass excitation
As a first example, we study how the continuous mea-
surement can induce an optomechanical coupling of the
center-of-mass mode, and for a BEC in a harmonic poten-
tial this corresponds to exciting the lowest energy BdG
collective mode, the Kohn mode. We choose the wave-
length of the cavity mode such that the overlap integral
for the Kohn mode, O1, from Eq. (51) is maximized. Fig-
ure 6(a) shows the form of the resulting cavity coupling
function g(x), along with the initial state of the atoms,
and the Kohn mode quasiparticle functions u1(x) and
v1(x).
For this geometry, Fig. 6(b)-(f) demonstrate the mea-
surement backaction for two distinct realizations of sin-
gle measurement trajectories. As anticipated, the con-
densate acquires a pronounced center-of-mass oscillation.
The oscillations are revealed as pulses in the measured
rate of photocounts, since the overlap of the stochastic
field ψ(x, t) with the cavity mode g(x) varies with time
and consequently affects the number of photons pumped
into the cavity mode. For notational simplicity, we use
the variable q to represent moments of x for individual
realizations, i.e. q1 =
∫
x|ψ(x)|2dx, q2 =
∫
x2|ψ(x)|2dx,
and use the brackets 〈〉 to represent quantum averages,
obtained by ensemble averaging normal ordered opera-
tors over many single trajectories [53, 58].
Due to the stochastic nature of the continuous mea-
surement process, different realizations corresponding to
distinct measurement records display different trajecto-
ries for the evolution of the atomic density. BdG mode
amplitudes and phases also vary between realizations.
This measurement-induced symmetry breaking of the dy-
namics of the atoms is similar to that seen in the density
patterns of Sec. VI. The initial unbroken symmetry in the
atomic density is restored on ensemble averaging over a
large number of independent trajectories, so as to gener-
ate the dynamics from the unconditioned master equa-
tion (36). Figure 7 shows that the unconditioned dynam-
ics lead to no overall motion of the condensate density,
instead the condensate stochastic field decoheres due to
dissipation induced by the open nature of the system.
Nonetheless, ensemble averaging quantities extracted
from single trajectories, such as the populations of BdG
modes and center-of-mass coordinates as presented in
Fig. 8, illuminate the average response of single realiza-
tions. As intended, the BdG mode decomposition shows
that the predominant excitation at short times is the
Kohn mode. However, several other low energy modes
also respond to the measurement, confirming that we are
not in the linear optomechanical regime with only a sin-
gle mechanical mode. Most notably, the second BdG
mode becomes dominant at later times, this is the breath-
ing mode which corresponds to a collective excitation of
∆q =
√
q2 − q21 . Since the breathing mode has a differ-
ent parity with respect to the trap center than the cavity
mode g(x) we would not naively expect it to respond to
the measurement backaction. At early times, the breath-
17
ing mode occupation is indeed small, but once the center-
of-mass oscillations move the condensate off center, the
breathing mode can become excited. Of course, the BdG
mode decomposition is only valid while the condensate
is not significantly perturbed from the initial state, and
so should not be relied upon at later times. However,
confirmation of the qualitative behavior indicated by the
BdG modes is given by Fig. 8(b) showing that the average
center-of-mass displacement continues to grow slowly at
large times, and Fig. 6(f) showing that ∆q does begin to
oscillate at the time that the breathing mode population
becomes significant.
Even though other modes are excited, at short times
the Kohn mode is the dominant excitation. To verify
the above argument that the overlap between the Kohn
mode and the cavity mode function governs the degree
of excitation, Fig. 9 shows the Kohn mode excitation
and the center-of-mass displacement after a short time
as a function of the cavity mode wavelength. The re-
sponse agrees well with the behavior of the overlap inte-
gral (51). Away from the peak overlap the Kohn mode re-
sponse reduces substantially, becoming particularly weak
at k = 1.03x−10 . This point closely corresponds to the
peak overlap of the third BdG mode, which Fig. 10 shows
is strongly excited. In contrast to the Kohn mode results,
this mode remains the dominant excitation throughout
the length of our simulation.
4. Breathing mode excitation
Moving the trap center to a cavity antinode means that
the measurement can be tailored to couple to a mode of
different parity. Tuning the cavity wavelength to maxi-
mize the overlap with the breathing mode leads to the
results in Fig. 11. The response to the measurement
backaction differs significantly from the previous results,
as is clearly seen by the stochastic field density |ψ(x)|2.
The center-of-mass displacement is negligible at all times,
while both the the BdG mode decomposition and the be-
havior of 〈∆q〉 show the breathing mode to be strongly
excited. The oscillations set up by the breathing mode
are easily identifiable in the observed measurement rate.
Note that in contrast to the previous results, here the
initial state is not orthogonal to g(x), and so the initial
measurement rate is significantly greater. Once again, a
number of low energy collective modes are substantially
occupied. However, in contrast to the Kohn mode re-
sults, since the breathing mode excitation preserves the
parity of the stochastic field ψ(x), all the modes popu-
lated have the same parity as the breathing mode, even
at long times.
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FIG. 6. (Color online) A selective excitation of collective
modes of a BEC as a result of quantum measurement back-
action. (a) Comparison of the shapes of the Kohn mode
quasiparticle functions u1(x) (blue, dashed) and v1(x) (black,
dash-dotted) with the cavity mode function g(x) (red, dot-
ted), and the initial stochastic field for the condensate ψ(x)
(green, solid), for the case where the overlap of the cavity
mode and the Kohn mode is maximal. The differing quanti-
ties have been scaled into arbitrary units to enable a compari-
son of their functional form. (b)-(f) The dynamics for a single
stochastic realization of a measurement record when maximiz-
ing the overlap of the cavity mode with the Kohn mode. (b)
& (c) The stochastic field density |ψ(x, t)|2 as a function of
time for two different classical measurement trajectories. The
transverse pump beam is applied at t = 0 and remains at a
constant strength throughout the simulation. (d) The center-
of-mass position of the condensate for the two trajectories
shown in (b) (solid) and (c) (dashed). (e) The measurement
rate of photons at the photo-detector rmeas for the two tra-
jectories, directly proportional to the measured photocurrent.
(f) The variation of ∆q for the two trajectories.
VIII. INITIAL CONFIGURATIONS WITH
ENHANCED FLUCTUATIONS
We may also consider situations where the initially sta-
ble equilibrium configuration exhibits notable quantum
or thermal fluctuations. In order to model more accu-
rately the resulting dynamics of the atom-light cavity
system, we may apply many-body theories for the calcu-
lation of the initial phase-space quasi-probability distri-
bution. Stochastic sampling of the initial states for the
time evolution of SDEs can then synthesize the quantum-
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FIG. 7. (Color online) Condensate response to the trans-
verse pump unconditioned on any particular measurement
trajectory, formed by ensemble averaging 400 single trajec-
tories such as are shown in Fig. 6. (a) Ensemble averaged
stochastic field density |ψ(x, t)|2. (b) Dissipation induced loss
of coherence between x = 0 and x′ = 3x0. The figure shows
|g1(x, x
′)| ≡ |〈Ψˆ†(x)Ψˆ(x′)〉|, the initial condensate is phase
coherent with |g1(x, x
′)| = 1.
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FIG. 8. (Color online) Quantum measurement-induced exci-
tation of the Kohn mode, simulations with a maximum over-
lap between g(x) and the Kohn mode. (a) Decomposition
into BdG linearized collective excitations, mode occupation
numbers are shown averaged over 400 individual measure-
ment trajectories. (b) Ensemble average of 〈|q1|〉 over 400
realizations, note the absolute value must be taken since the
measurement backaction generates oscillations with a random
phase for different realizations.
statistical correlations of the initial state. For simplicity,
we consider the initial configuration of the atoms in the
ground state inside the cavity in the absence of the light.
The simplest approach that includes the spatial variation
of the density and phase fluctuations of the atoms [56] is
to sample the initial noise according to the Bogoliubov
theory. We expand the initial state for the stochastic
representation of the bosonic field operator in terms of
the Bogoliubov modes uj(x) and vj(x) as
ψ(x) = ψ0(x)α0 +
∑
j 6=0
[uj(x)αj − v∗j (x)α∗j ] . (52)
where ψ0(x) denotes the ground-state solution and the
total number of ground state atoms Nc = 〈αˆ†0αˆ0〉.
The stochastic mode amplitudes αj and α
∗
j are sampled
from the corresponding Wigner distribution for harmonic
oscillators [53] in order to synthesize the fluctuations
of an ideal Bose-Einstein distribution for the phonons
〈αˆ†jαˆj〉 = [exp (εj/kBT ) − 1]−1. The normal mode fre-
quencies εj and the quasi-particle amplitudes uj and vj
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FIG. 9. (Color online) Varying the wavelength of the light
in the cavity compared to the Kohn mode wavelength. (a)
The Kohn mode population, and (b) the center-of-mass dis-
placement 〈|q1|〉, after a short time (0.162pit0) as a function of
the cavity mode wavelength. Error bars represent the quan-
tum mechanical uncertainty. The results have been ensemble
averaged over 400 realizations for each cavity wavelength.
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FIG. 10. (Color online) Response for a cavity wavelength of
k = 1.03x−1
0
, corresponding to the point second from the right
in Fig. 9. (a) Density response stochastic field |ψ(x, t)|2 for
a single stochastic realization of a measurement record. (b)
BdG mode populations, ensemble averaged over 400 realiza-
tions.
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FIG. 11. (Color online) Quantum measurement-induced ex-
citation of the breathing mode. Maximal breathing mode
overlap results: (a) Density of the stochastic field |ψ(x, t)|2 as
a function of time for a single stochastic realization of a mea-
surement record. (b) Ensemble average over 400 realizations
of BdG mode populations. (c) Measurement rate for the same
single realization as that shown in (a). (d) Ensemble average
of ∆q =
√
q2 − q21 . The shaded gray area corresponds to the
width of the standard deviation in the result.
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in the initial trapping potential can be solved numer-
ically. In a more strongly fluctuating case the quasi-
particle modes and the ground-state condensate profile
may be solved self-consistently using the Hartree-Fock-
Bogoliubov theory [65, 66]. A strongly confined 1D sys-
tem may also exhibit enhanced phase fluctuations that
can be incorporated using a quasi-condensate represen-
tation [58].
IX. CONCLUDING REMARKS
The backaction of measurement on a quantum system
is an intrinsic feature of quantum mechanics. However,
when the system has a large number of particles and
modes, it is not computationally feasible to obtain a nu-
merical solution to the nonlinear dynamics that incorpo-
rates the backaction of the continuous quantum measure-
ment process within a full quantum picture. Here we have
presented an unraveling of the classical quasi-probability
amplitude for a many mode system, namely a BEC in
an optical cavity, into classical measurement trajectories
which approximate a continuous quantum measurement
process, conditioned on a given measurement record.
We have derived a Fokker-Planck equation for the evo-
lution of the ensemble averaged quasi-probability dis-
tribution given by the Wigner function, in the limit of
weak quantum fluctuations. The Fokker-Planck equation
is then mapped onto SDEs, where the dynamical noise
in each stochastic realization is generated by the mea-
surement record on a photon detector. Each stochastic
trajectory is therefore conditioned on a particular prob-
abilistic measurement record that represents a classical
approximation of the backaction of a continuous quantum
measurement process. Each stochastic measurement tra-
jectory corresponds to the measurement record of a po-
tential individual experimental run. Since a continuously
measured observable in few- or many-body systems is ex-
pected to be closely approximated by classical dynamics
whenever the measurements are frequent enough to be
able to resolve the dynamics [28], the method can pre-
dict the dynamics of the observed quantity even deep in
the quantum regime.
We have then numerically studied the continuous mea-
surement of a large multimode atomic BEC consisting of
up to 1024 spatial grid points inside an optical cavity.
The intensity of light leaking out of the cavity is con-
tinuously monitored and this has a direct effect on the
cavity photon amplitude, which in turn couples to the
atoms inside the cavity. In the limit that the cavity field
may be adiabatically eliminated, the measurement of the
light intensity outside the cavity can be directly related to
the spatial profile of the atomic field. We find that the
atoms inside the cavity undergo local stochastic phase
evolution that solely results from the backaction of the
measurement process. The phase noise is proportional to
the spatially varying strength of the quantum measure-
ment. We have shown how this local phase evolution can
lead to quantum measurement-induced pattern forma-
tion for a BEC. The continuous quantum measurement
process spontaneously breaks the symmetry of the spa-
tial profile of the multimode BEC. The pattern emerges
randomly, conditioned on the detection record of the pho-
tons. Ensemble-averaging over many stochastic measure-
ment trajectories restores the initial uniform unbroken
spatial condensate density profile, and demonstrates the
loss of coherence between sites due to dissipation from
the open system.
In the absence of an additional optical lattice, we have
studied the effects of a continuous quantum measurement
on the optomechanical motion of a BEC inside the cav-
ity. In a multimode representation a BEC exhibits a
large number of intrinsic dynamical degrees of freedom in
terms of its collective excitations that couple to the cav-
ity mode. We have shown how the measurement can be
tailored to selectively excite particular collective modes
of a BEC–considering examples of Kohn and breath-
ing modes. The interaction between the modes lead to
spreading of the excitations between different modes and
eventually a more complex internal dynamics.
We have limited ourselves in this paper to approximate
classical theories that are severely restricted by the com-
putational demands of large realistic multimode systems.
It would be particularly interesting to explore how clas-
sical approximations make dynamical trajectories more
objective than their fully quantum-mechanical counter-
parts and whether our classical measurement trajectories
are affected by the choice of measurement scheme, such
as photon counting, homodyne or heterodyne measure-
ments [27, 91]. The backaction of homodyne measure-
ments has been studied for simplified models of BECs
in cavities [92], in dispersive imaging [49, 93], and in an
interferometric context [94] (related to the experiments
of Ref. [95]); the photon counting of scattered light was
simulated in Refs. [8, 32]. Experimentally, the backac-
tion of a continuous quantum measurement process has
been confirmed for BECs in heterodyne measurements of
the cavity output [35, 36]. In addition, the results of the
measurement can be used to construct feedback mecha-
nisms [23]. For condensates feedback has been studied
in the context of reducing heating due to measurement
backaction [48].
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Appendix A: Adiabatic elimination of light mode
As a more rigorous adiabatic elimination of the light
mode, we outline here a derivations which follows closely
in spirit a procedure explained in greater detail in [33].
Without the presence of atoms, the cavity mode would
be well represented by a coherent state of amplitude α0 =
20
η/(κ − i∆pc), we therefore use a displacement operator
D[α0] to shift away this contribution, by defining the
displaced density matrix
ρD = D[α0]ρD†[α0]. (A1)
Performing this transformation on the master equation,
we can conveniently write the result
˙ρD = (Sd + Sa + Sda)ρD, (A2)
in terms of the superoperators
Sdρ =i∆pc
[
aˆ†aˆ, ρ
]
+ κ
(
2aˆρaˆ† − ρaˆ†aˆ− aˆ†aˆρ) , (A3)
Saρ =− i
~
[H4, ρ] , (A4)
Sdaρ =− i
∫
dx
g2(x)
∆pa
{[
Ψˆ†(x)aˆ†aˆΨˆ(x), ρ
]
+
[
Ψˆ†(x)
(
η
κ− i∆pc aˆ
† +
η∗
κ+ i∆pc
aˆ
)
Ψˆ(x), ρ
]}
.
(A5)
These define, respectively, the evolution of the the atomic
and displaced cavity mode subsystems, and that due to
the interaction, and we have defined
H4 =
∫
dxΨˆ†(x)
{
− ~
2
2m
∇2 + V (x)
}
Ψˆ(x)
+
U
2
∫
dxΨˆ†(x)Ψˆ†(x)Ψˆ(x)Ψˆ(x)
+ ~
|η|2
κ2 +∆2pc
∫
dx
g2(x)
∆pa
Ψˆ†(x)Ψˆ(x). (A6)
We have therefore shifted the dominant coherent contri-
bution from the interaction of the atoms with the cavity
mode into an effective potential in the atomic operator
subspace Hamiltonian. With the further transformation
ρ¯D = e
−(Sd+Sa)tρD, (A7)
the master equation simplifies to
˙¯ρD(t) = S¯da(t)ρ¯D(t), (A8)
where
S¯da(t) = e−(Sd+Sa)tSdae(Sd+Sa)t. (A9)
Formal integration of Eq. (A8) leads to
ρ¯D(t) = ρ¯D(0) +
∫ t
0
S¯da(t′)ρ¯D(t′)dt′. (A10)
We may now eliminate our displaced cavity mode, which
we assume to be well approximated by the vacuum state
since the predominant contribution to the cavity mode
was shifted away by our earlier displacement. We there-
fore substitute on the RHS of Eq. (A10)
ρD(t) ≈ ρa(t)⊗ (|0〉dd〈0|), (A11)
where |0〉d is the vacuum state vector for the displaced
cavity field. Upon tracing over the displaced cavity field,
the first term of Eq. (A10) can be seen to vanish. The
remaining term, after some superoperator algebra [33],
and reversal of the transformation of Eq. (A7), gives the
adiabatically eliminated master equation for the atomic
field only
ρ˙a(t) =− i
~
[H4, ρa(t)]− i∆pc |η|
2
(κ2 +∆2pc)
2
[
XˆXˆ, ρa(t)
]
+ κ
|η|2
(κ2 +∆2pc)
2
(
2Xˆρa(t)Xˆ − XˆXˆρa(t)− ρa(t)XˆXˆ
)
. (A12)
If we assume that ∆pc ≪ κ, and expand in the small pa-
rameters Xˆ/κ,∆pc/κ, then we obtain the same result at
lowest order as the simpler treatment given in Sec. VA,
leading to the classical measurement trajectories given
by Eq. (32). The advantage of the method presented in
this Appendix is the ability to consistently go beyond the
lowest order. The next highest order contribution is due
to the second term of Eq. (A12), and gives rise to the
21
second term of Eq. (33).
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